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Abstract-This paper reports the results from an analytical study ofthe critical heat flux (CHF) on a uniformly
heated horizontal cylinderin an upward cross flowof saturated liquid. Two kinds of vaporescape flowpatterns
are taken into account: oneis the bubble-like flow in the range of very low velocities and the otheris the sheet
like flow in the range of sufficiently high velocities. A new hydrodynamic instability model ofCHF proposed
recently by the authors is employed in the analysis, and it is shown that the prediction ofCHF is fairly good

when compared with the existing data.

l. INTRODUCTION

(a)

I
Vapor bubble '/Vapor stem

Cylinder Liquid film

FIG.!. Nucleate boiling on a horizontal cylinder with bubble
like escape flow of vapor at high heat fluxes.

Fig. 1 appears, where the vapor generated at the
cylinder wall accumulates in a massive vapor bubble at
approximately equal intervals, and each bubble
separates away from the cylinder when it has grown
sufficiently. On the other hand, if the liquid velocity is
sufficiently high, a 2-dim. 'sheet-like' escape flow of
vapor appears instead of the 3-dim. 'bubble-like' flow.
These two types of escape flow patterns were found by
Cochran and Andracchio (1] by means of high-speed
photography, and later, Lienhard and Eichhorn [2]
presented a criterion for the transition between the two
flow patterns. In addition, McKee and Bell [3] showed
by experiment that when the diameter of the cylinder is
increased beyond a certain value under the condition of
fixed bulk liquid velocity, a rapid reduction of CHF
takes place. This phenomenon may also result from the
change of vapor escape flow pattern.

In the paper by Cochran and Andracchio (1], semi
empirical analyses ofCHF were presented for the cases
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WHEN high heat flux nucleate boiling takes place on a
uniformly heated horizontal cylinder in an upward
cross flow of saturated liquid, vapor removal from the
cylinder takes place with two different flow patterns
according to the bulk liquid velocity. If the liquid
velocity is very low, a flow pattern such as illustrated in

Greek symbols
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).~ most susceptible (or dangerous) Taylor

wavelength Em]
PI density ofliquid (kg m- 3]

p; density of vapor [kg.m - 3]
(J surface tension [N m - 1]
'd hovering period of bubble (s]
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The vapor bubble, thus nourished with vapor from
the underlying liquid film, separates from the cylinder
when it has grown sufficiently.After a bubble leaves the
cylinder, a new one is immediately established in its
place. This periodic bubble formation can be assumed
to take place with a mean period Td' Now, if the liquid
filmblanketed by a vapor bubble is fed with liquid from
the bulk region only when the bubble separates from
the cylinder (see ref. [4] for details), then it can be
postulated that CHF appears when the liquid film
evaporates out at the end of the hovering period Td' for
which the heat balance is written as

Finally, the hovering period of the bubble Td is
determined through the following theoretical analysis
of the bubble behavior by means of such an idea'lized
model as illustrated in Fig. 2 [6], where a spherical
bubble, being nourished with vapor from a fixed point
P, is moving upward due to the buoyant force. For this
bubble, the equation of motion is written as

:t [C~PI+PV)VG; -u)J= (PI-Pv)Vg (6)

where 11/16 is the theoretical volumetric ratio of the
accompanying liquid to a moving spherical bubble [6],
V the bubble volume at the time t after the
commencement of bubble growth, s the height of the
bubble center 0 measured from the fixed point P, and u
the vertical upward velocity of bulk liquid. (Note that

TdqAw = PIDc(Aw-Av+AwDc/d)Hrg (3)

where Dc is the initial thickness of the liquid film [see
Fig. 1(b)], A w the area of the heated surface, and Av the
cross-sectional area of the v.apor stems.

The three unknowns Dc, AvfAw ' and Td included in
equation (3) are evaluated as follows. First, the initial
thickness of the liquid film Dc, which is the critical
thickness ofa liquid filmcapable of stabilizing itselfon a
solid wall, has been determined in the authors' previous
paper [4] on the basis ofthe Helmholtz instability of the
vapor-liquid interface of vapor stems as

s. = ~ (J PI+ Pv (Av)2(pvHrg)2 (4)
2 PIPv Aw q

where AvfAw is given as a very weak function of pvfPIby

[

(J JI/2 [ 2(J J-1 /2
J.~ = (J3)2rr C _) 1+ d2 (p _) . (1)

9 PI o, 9 I o,

2. THEORETICAL ANALYSIS

of the bubble-like and the sheet-like escape flows. In the
former case, the effectof forced convection heat transfer
was added to the Lienhard prediction of pool boiling
CHF, while in the latter, the Vliet-Leppert prediction
equation of CHF was employed based on the concept
that CHF is connected to the dryout of the heated
surface at the rear stagnation point of the cylinder. This
means that different models were assumed to predict
CHF for the two types of escape flow pattern.

Recently, however, the present authors [4] have
presented a new hydrodynamic model of CHF,
predicting the CHF on a uniformly heated horizontal
cylinder, not only in 'pool boiling' with a bubble-like
escape flow, but also in 'forced convection boiling'
with a sheet-like escape flow. In the present paper,
therefore, the analysis of CHF in pool boiling is
extended to the case of the forced cross flow at low
velocities accompanied by bubble-like escape flow, and
the results obtained are compared with the existing
data including the transition from the bubble-like to the
sheet-like escape flow region.

When the cylindrical interface is subject to a forced
cross flowof bulk liquid, equation (l) must be modified.
However, the bubble-like escape flow of vapor takes
place at very low bulk liquid velocities, to which
equation (1) may possibly apply approximately
without serious error.

Figure l(b) illustrates the situation of a liquid film
wetting the cylinder surface surrounded by a massive
vapor bubble. This liquid film has numerous, columnar
vapor stems of the bubble in it when the film is
sufficiently thick, so the heat transferred from the
cylindrical wall is absorbed by latent heat at the part of
the vapor-liquid interface of vapor stems near the
heated surface, and the vapor thus generated flows
through the vapor stems to enter the surrounding
massive vapor bubble. When the thickness of the liquid
film reduces considerably, evaporation takes place at
the outer surface of the liquid film as well. In any case,
however, the heat flux q is related to the volumetric
growth rate VI of a surrounding vapor bubble via the
heat balance as follows:

2.1. CHF witli bubble-like escapeflow ofvapor
Figure 1 is a reproduction of a figure shown in a

previous paper [4], illustrating the flow configuration
around an infinitely long, horizontal cylinder in the
bubble-like escape flow region. In Fig. 1(a), ).~

represents the most susceptible (or dangerous)
wavelength of Taylor instability, which has been given
by Lienhard and Wong [5] for a horizontal, cylindrical
vapor-liquid int.erfacein a stationary bulk liquid as

FIG. 2. A model of vapor bubble growing through the feed of
(2) vapor as wen as rising due to the buoyancy.
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Table 1. Values of q' O/qeO.Zpredicted by equation (9)

The root qeO/qeo.Z of equation (9) can be solved by
computer as a function of R', pJpl and Il. Some of th e
results thus obtained are listed in Ta ble 1, where the
valuesofqco/qeo.zin the case ofu' = Oarefound to agree
with those obtained in the previous paper [4] for
saturated pool boiling on a horizontal cylinder. In Fig .
3, the prediction of equation (9) in the case of 1/' = 0 is
compared satisfactorily with the range of about 900
experimental data points of CHF in pool boiling
collected by Sun and Lienhard [7].

R'
0.2 0.5 1.0 5.0

ds/dt -1/ is the relative velocity of the bubble center to
the bulk liquid.)

In equation (6), V is evaluated by

(7)

where VI is the volumetric growth rate of the bubble
given by equation (2). It is noted in Fig. 2 that although
the bubble center 0 rises continuously after t = 0, the
sta te of 5 < r {where r = [3 V/(41t)]1/3} can hold for a
certain period due to the increase of the bubble volume
V, which determines the hovering per iod of the bubble
'rd ' Thus, solving equation (6) together with equation
(7)for s(t) , and taking into account the initial condition
5 = 0 at t = 0 as well as the departure condition
5 = r = [3 V/(41t)]1/3 at t = 'd' yields

'd = (~)I/S [4(~PJ +Pv)J3
/S

41t g(Pl- pvl

x vIIS [ 1+ 4(~PJ +pvlll]3/
S

(8)
'dg(PJ -Pv)

where ~ = 11/16.
Now, ignoring AvlA w as compared with unity in

equation (3), since AJAw < 0.0584 as is noted in
equation (5), and solving equations (1)-{5) and (8) for
the crit ical heat flux q, and finally writing the q as qeO
results in

Ii

o

om

OJ

P,/Pl 0.1

0.0001 1.360
0.001 1.373
0.01 1.402
OJ 1.472
1 1.699

0.0001 1:433
0.001 1,406
0.01 1.416
0.1 1,477
I 1.701

0.0001 1.642
0.001 1.553
0.01 1.502
0.1 1.521
I 1.723

0.0001 1.951
0.001 1.829
0.01 1.734
OJ 1.694
1 1.845

1.246 1.120 1.049
1.253 1.123 1.051
1.270 1.131 1.055
1.313 1.153 1.067
1.470 1.243 1.123

1.30I 1.158 1.079
1.277 1.140 1.064
1.280 1.138 1.060
1.317 1.156 1.069
1,472 1.244 1.124

1.478 1.301 1.203
1.397 1.231 1.139
1.347 1.187 1.099
1.350 1.178 1.087
1.488 1.255 1.132

1.755 1.543 1.424
1.642 1.441 1.329
1.549 1.354 1.247
1.496 1.295 1.187
1.585 1.328 1.193

10

0.936 0.896
0.937 0.896
0.938 0.897
0.940 0.898
0.956 0.906

0.956 0.913
0.945 0.903
0.941 0.900
0.942 0.899
0.956 0.907

1.051 0.998
0.999 0.951
0.968 0.922
0.954 0.910
0.962 0.912

1.239 1.174
1.157 1.096
1.084 1.028
1.029 0.976
1.006 0.951

where

2.2. CHF witli sheet-like escape flow ofvapor
Figure 4 illustrates the flow structures at high bulk

liquid velocities accompanied by a sheet-like escape
flow of vapor. In this case, if the bulk liquid velocity is
su fficiently high, qeO is hardly affected by gravity, and
th e analysis of qeO presented in the present authors'
previous paper [4] is summarized as follows . A liquid
film flowing over a cylinder wall receives saturated
liquid constantly at the front stagnation point with Dc in

(10)

5 r--~-~-~-~--~---,

5

for U' =O

\.0 2

R'

52
21-_.L--_~_----l_----l__--,L-_ ....J

W m

5

t:J Range of about gOO dota

FIG. 3. Critical heat flux in saturated pool boiling for
horizontal cylinders.

2

R' = (d/2)/[a/g(p,-pvl] 1/2
,

1/' = 1//[ag(Pl-pv)/p;]I /~,

and qco.z is the critical heat flux in pool boiling on an
infinite, upward-facing, horizontalllat plate [4] , which
can be derived from the foregoing analysis with three

. necessary modifications for an infinite plate: d -t 00 in
equations (I) and (3), VI = ().~)2q/(p)Irg) in place of
equation (2), and II = 0 in equation (8). When the
numerical value of qeO.Zin equation (9) is required, it is
calculated by the following Zuber equation. (See
Section 2.3 in ref. [4] for details.)

qeO.Z ![ag(p,;pv)]IH = 0.131.
pJlrg p;
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FIG.4. Nucleate boiling on a cylinder in a cross flow with a
sheet-like escape flow of vapor at high heat fluxes.

FIG. 6. Variation of qeO with u for water at atmospheric
pressure (P.IPI = 0.000624).

film thickness from the bulk flow of velocity II, which
causes CHF when the liquid film flowdrys up at the rear
stagnation point, and the heat balance is written as

qrrd/2 = pAuHcg· (11)

Solving equations (4), (5) and (11) for the critical heat
flux q, and writing the q as qeO results in

( )
O.467( )1/3(a )1/3

~ = 0.151 Pv 1+ Pv ~' (12)an., P, P, G d

where G = liP!> that is, the mass velocity of the bulk
liquid flow. Except for the case of p.lP. > 0.1,
(1+p.lp.l1/3 on the RHS of equation (12) may
be approximated as unity.

3. CO:\IPARISON WITH EXPERIMEl'o.TAL DATA

3.1. Change ofCHF with bulk liquid velocity
Figure 5 shows a comparison of qeO predicted by

equations (9) and (12) with the experimental data
obtained by Cochran and Andracchio [1] for saturated
water at atmospheric pressure (P.lPI= 0.000624).
Bubble and sheet regions indicated by directed lines in
Fig. 5 are the results observed in ref. [1] by means of
high-speed photography.

Figure 6 shows a similar comparison for saturated

water at atmospheric pressure (Pv/PI = 0.000624),
though the diameter of the cylinder is somewhat greater
than that in Fig. 5. Experimental data are those
obtained by the extrapolation of the subcooling
temperature .t'1tsub -> 0 in Fig. 4 of Vliet and Leppert's
paper [8]. .

Figure 7 shows a comparison for saturated R-I13 at
near atmospheric pressure (P.lP. = 0.00645), and
experimental data are those obtained by Cochran and
Andracchio [1]. According to ref. [1], the vapor
removal processes in the present case resemble a
bubble-like phenomenon for all the data points in Fig.
7, with no evidence of a long sheet of vapor being torn
away from the vapor cavity behind the cylinder.

Figure 8 refers to the data obtained by Yilmaz and
Westwater [9] for pool boiling as well as for forced
convection boiling of saturated R-I13 at near
atmospheric pressure (p.IP, = 0.00489)on a cylinder of
considerably large diameter.

Figure 9 refers to the data of R-12 at 7.85 bar
(p.lP. = 0.035) measured by Cumo et al. [10] with
very low velocities and a large cylinder diameter.
Although the data points plotted in Fig. 9are somewhat
special ones obtained by heating the central tube alone
in a horizontal tube bundle of staggered arrangement,
the liquid velocity crossing the tube bundle is so low
that the condition of the CHF on a single cylinder may
be approximated.
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I o d=0.51mm I 1.16
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FIG. 5. Variation of qeO with u for water at atmospheric
pressure (P.lPI = 0.000624).

FIG. 7. Variation of qeO with 11 for R-I13 at 1.34 bar
(P.lPI = 0.00645).
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FIG. 8. Variat ion of q eO with II for R-113 at near a tmospheric
pressure (P.lPI = 0.00( 89).
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FIG. 10. Variation of qeO with II for isopropanol at near
atmospheric pressure (p.IPI = 0.00299).
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Finally, Fig . to shows a comparison of the
predictions of equations (9)and (12)with the CHF data
of isopropanol at near atmospheric pressure (P.lPI
= 0.00299) measured by Hasan et al. [II].

3.2. Change ofClIF with diameter ofcylinder
Figure II shows the change of critical heat flux qeO

with the diameter of the cylinder under fixed condition
of bulk liquid velocity for saturated water at
atmospheric pressure (P.lPI = 0.000624). In Fig. 11,
circular symbols refer to the data obtained by McKee
and Bell [3], while triangular symbols refer to the data
of Vliet and Leppert [12].

theoretical generalized correlation for the CHF in the
sheet-like escape flow region, which was composed of a
prediction of qcD in the low-velocity region,

rcqcD = 1+4113(_a_)1 /3
(13)

pJI,gu Pvll2d'

a prediction of qcD in the high-velocity region,

ttq 1 (p )3/4 I (p )1/2( a )1 /3
PvHc,:u = 169 P: + 19.2\i PvlI2d (14)

(15)

4. DISCUSSION

(I) Although comparisons between the prediction
and the data are rather limited in number, the results of
Figs. 5'-11 show that the prediction of equation (9) for
the CHF in the bubble-like escape flow region is fairly
successful except for Fig. 10,where the data ford = 0.50
and 0.81 mm appear too high as compared with the
data for d = 1.50 mm.

(2) Asfor the prediction ofequ ation (12)for the CHF
in the sheet-like escape flowregion, it has been shown in
the present authors' previous paper [4] that there are a
few secondary problems to be solved if much better
agreem ent with the experimental data is required.
However, as far as the rough trend in the change ofCHF
is concerned, the prediction of equation (12) seems to
agree with the data within the range of conditions dealt
with in this paper.

Postulating 'mechanical energy stability criterion',
Lienhard and Eichhorn [2] formerly presented a semi-

and a prediction of q eD in the transition region between
the foregoing two regions,

nqco = 0.275 (PI)1
12 +1.

p.Hrzu \fl.
This correlation suffers from a rather strange trend in
the range of P.lPI > 0.00108, where qco predicted by
equation (13)is always higher than that ofequation (14).

Recently, taking into account such the data as
plotted in the sufficiently high velocity regions of Figs.
6,8 and to, Hasan et al. [11] modified equation (14)as
follows:

P~~::II = 10
1
90 (;:)+ 6~.6 (;:Y'3Cv:2d)'/3 (14a)

to predict only the CHF unaffected by gravity. If Gis
employed instead of II , equation (14a) can be rewritten

Equation! 9 )

o u=1.01, rrvs 0 00 0

A u=1.05m/s

1.0 2 5 10 5

DIAMETER d Irnml
10

Equat ion {9 I

I

O.t 1.0
LIQUID VELOCITY u (mlS)

o 91 013 00 0

o d:13.6mm

x

~
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~ 2

5;:::: O.IL---'-__'-----L_-'-_-L._.L--'__.L--J

(5 O.Ot 2
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~_ 1.0

J

FIG. 9. Var iat ion of q,o with II for R-12 at 7.85 bar
(pJpl = 0.035).

FIG. II. Variation of q,o with d for water at a tmospheric
pre ssure (PJpl = 0.000624).
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5. CO;-';CLUSIONS

as

while Yilmaz and Westwater [9] referred to another
criterion of Lienhard and Eichhorn,
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(2) Experiments of the CHF on a horizontal cylinder
in an upward cross flow at comparatively low velocities
are extremely limited in the extent of the experimental
conditions as well as in the number of data.
Accordingly, further experimental studies are needed to
establish a more reliable and comprehensive know
ledge of this phenomenon.

(16)

(17)

above which gravity is assumed to exert no influence on
qeO' corresponding to the applicable range of equation
(I4a). It seems likely that equation (18) is different in
character from the criterion of equation (17), being
unable to explain, for example, the phenomenon of the
critical diameter shown in Fig. It.

(I) CHF on a horizontal cylinder in an upward cross
flow has been analyzed on the basis of a new
hydrodynamic instability model proposed in the
present authors' previous paper [4]. The predictions
thus obtained are compared satisfactorily with the
existing experimental data, mainly for the CHF in the
bubble-like flow region and for the trend of the
transition from the bubble-like to the sheet-l ike escape
flow region.

When compared with the results of Figs. 5-10, equation
(16) appears to be unsuitable, while equation (17) is
regarded as tolerable, but the latter equation still seems
to underpredict the critical velocity and overpredict the
critical diameter. According to the analysis developed
in the present study, equation (17) may probably be
improved by taking into account not only p,1I2dja,pJpl

and R' but also 11'.

Recently Hasan et al. [11] presented a critical value,

lI'j(PJp,)1 /2 = 10, (18)

~ = 0.000292+0.00478 (a~1 )1 /3. (I4b)
cu., G d

When both pJp, and apJG2d are moderate in
magnitude, qeo'spredicted by equations (12) and (I4b)
are close to each other, but when either pJpI is
extremely high or when apJG2d is extremely low, the
predictions of the two equations depart from each
other.

(3) For the transition from the bubble-like flow
region toward the sheet-like flow region, Lienhard and
Eichhorn [2] gave the following tentative criterion :
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FLUX THERMIQUE CRITIQUE POUR UN CYLINDRE HORIZONTAL UNIFORMEMENT
CHAUFFE DANS UN ECOULEMENT TRANSVERSAL ASCENDANT DE LIQUIDE

SATURE

Resume-On rapporte Ies resultats d'une etude analytique du Ilux thermique critique (CHF) sur un cylindre
horizontal chauffe uniforrnement dans un ecoulement transversal ascendant de liquide saturant. Deux sortes
d'ecoulernent de sortie de vapeur sont considerees: I'une est l'ecoulernent de bulles dans Ie domaine des tres
faibles viiesses et l'autre est l'ecoulernent comme feuillete dans ledomainedes vitesses suffisamment elevees. Un
nouveau rnodele d'instabilite hydrodynamique de CHF propose recemment par les auteurs est employe dans

cette analyse et on montre que la prediction de CHF est bonne, comparee aux donnees existantes.

KRITISCHE WARMESTROMDICHTE AN EINEM GLEICHFORMIG BEHEIZTEN
HORIZONTALEN ZYLINDER IN DER AUFWARTSGERICHTETEN QUERSTROMUNG

EINER GESATTIGTEN FLOSSIGKEIT

Zusammenfassung-Diese Arbeit berichtet iiber die Ergebnisse einer analytischen Untersuchung der
kritischen Wiirmestromdichte (CHF) an einem gleichformig beheizten horizontalen Zylinder in einer
aufwiirtsgerichteten Querstrornung einer gesattigten Fliissigkeit. Es werden zwei Strornungsforrnen des
entweichenden Dampfes betrachtet : blaseniihnliche Strornung im Bereich sehr kleiner Geschwindigkeilen
und streifenfOrmige Stromung im Bereich geruigend hoher Geschwindigkeiten. Ein neues hydrodynamisches
Instabilitiitsmodell filr die kritische Wiirmestromdichte, das kiirzlich von den Autoren vorgeschlagen wurde,
wird heier verwendet. Es zeigt sich, daf die Vorhersage der kritischen Wiirmestromdichte recht gut mit den

bestehenden Daten ilbereinstimmt.

KPl1Tl14ECKl1A TEOJIOBOA nOTOK HA PABHOMEPHO HArPETOM
rOPH30HTAJIbHOM l..(I1JII1H,UPE npl1 nOnEPE4HOM OIiTEKAHI1I1 BOCXO,URll.{I1M

TE4EHl1EM HACblll.{EHHOA )K11,UKOCTI1

AHHOT3UHII-npeD;CTaBJIeHbl peayns'rarsi 3HaJIIlTIl'leCKOrO IlCCJle./tOB3HII1l KpIlTlI'leCKOrO TenJIOBOrO
nOTOKa (KTn) aa paanoxiepso narperosr rOp1l30HT3J1bIlO:'1 uammnpe npn nonepexaoxr 06TeKaHIIII
BOCXOlIJlIllI!:'1 Te'lelllle:'1 lKlI,nKOCTIl, naxonmuetica ira JlIlHIIII sacuureuns. Y'ITeHbl nsa Tllna Te'le/llIJl
ofipaayiourerocs napa: onao B anne nyasrpsxoa B nnanaroae O'leHb ManblX cxopocreil II aropoe->
cnoncroe B zmanaaoae 1I0CTaTO'l1i0 BblCOKIlX cxopocreii. ,Unll anamna ncnomoyercs aenaano
rrpennoxennas aBTopaMII 1I0BaJl xroziem, rnnpoztanasmxecxoii aeycroit-msocru npa KTO. nOKa3a1lO,
'iTo pacc-nrraaasre 3I1a'leIlIlJl KTO lIOBOJIbliO XOpOlIIO cornacyrorcs c IIMerolllu:.IIlCJI oxcnepasren-

TaJlbllblMIl lIallllblMl1.
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